arXiv:2504.07253v1 [quant-ph] 9 Apr 2025

Noise-Aware Entanglement Generation Protocols for Superconducting Qubits with

impedance-matched FBAR Transducers

Erin Sheridan,! Michael Senatore,! Samuel Schwab,! Eric Aspling,? Taylor Wagner,? James Schneeloch,’

Stephen McCoy,* Daniel Campbell,’ David Hucul,! Zachary Smith,! and Matthew LaHaye!

YU.S. Air Force Research Laboratory, Information Directorate, Rome, NY 13441
2Griffiss Institute, Rome, NY 18441
3 Technergetics, Rome, NY 13441
4Booz Allen Hamilton, Rome, NY 13441
(Dated: April 11, 2025)

Connecting superconducting quantum processors to telecommunications-wavelength quantum net-
works is critically necessary to enable distributed quantum computing, secure communications, and
other applications. Optically-mediated entanglement heralding protocols offer a near-term solu-
tion that can succeed with imperfect components, including sub-unity efficiency microwave-optical
quantum transducers. The viability and performance of these protocols relies heavily on the prop-
erties of the transducers used: the conversion efficiency, resonator lifetimes, and added noise in the
transducer directly influence the achievable entanglement generation rate and fidelity of an entan-
glement generation protocol. Here, we use an extended Butterworth-van Dyke (BVD) model to
optimize the conversion efficiency and added noise of a Thin Film Bulk Acoustic Resonator (FBAR)
piezo-optomechanical transducer. We use the outputs from this model to calculate the fidelity of
one-photon and two-photon entanglement heralding protocols in a variety of operating regimes.
For transducers with matching circuits designed to either minimize the added noise or maximize
conversion efficiency, we theoretically estimate that entanglement generation rates of greater than
160 kHz can be achieved at moderate pump powers with fidelities of > 90%. This is the first time a
BVD equivalent circuit model is used to both optimize the performance of an FBAR transducer and
to directly inform the design and implementation of an entanglement generation protocol. These
results can be applied in the near term to realize quantum networks of superconducting qubits with

realistic experimental parameters.

I. INTRODUCTION

Microwave-optical quantum transducers [TH3] are crit-
ical components for connecting superconducting qubits
to quantum networks [4H6], toward distributed quantum
computing [7], secure communications [8], and other ap-
plications requiring entanglement distribution between
heterogeneous network nodes. These devices are tasked
with coherently converting quantum information be-
tween frequencies separated by five orders of magnitude,
from ~ 5 GHz to ~ 193 THz. In contrast to deter-
ministic entanglement distribution protocols, optically
heralded schemes [0, [I0] can operate effectively with
low-efficiency transducers [I1], [12]. While heralded en-
tanglement demonstrations have been carried out with
atom-based qubits [I3HI7] and optically active solid-state
qubits [I8420], where flying optical photons entangled to
each remote node mediate the generation of entangle-
ment between them, the same cannot be said for super-
conducting qubits. In recent years, microwave-optical
transducers have improved enough, in principle, to allow
initial demonstrations of heralded photon entanglement
between superconducting quantum systems via a telecom
fiber link. Though entanglement between remote super-
conducting qubits has been established using microwave
interconnects [21H23], there has been no experimental
demonstration of optically-mediated entanglement gen-
eration between remote superconducting quantum cir-
cuits to date. This may be because previous efforts to

integrate superconducting qubits with microwave-optical
transducers have been limited by prohibitively low qubit
coherence times and high added noise due to heat dissipa-
tion in the transducer [24] 25], as well as limited cooling
power in cryogenic systems.

Piezo-optomechanical transducers are reaching a point
in their maturity where experimental demonstrations of
heralded entanglement protocols [6, 28H3T] are possible.
As shown in Figure a), these transducers achieve co-
herent microwave-optical conversion by first converting a
microwave photon to an acoustic phonon via the piezo-
electric effect, with electromechanical coupling rate ggas,
then converting the phonon to an optical photon via ra-
diation pressure or the stress-optical effect, with a cavity-
enhanced optomechanical coupling rate goas. In the
next section, we will introduce a specific class of piezo-
optomechanical transducers. We will then proceed to de-
sign impedance-matching circuits for these devices, then
explore their operation within entanglement heralding
protocols.

A. The FBAR Piezo-optomechanical transducer

Transducers based on optomechanical crystal (OMC)
cavities have achieved high conversion efficiencies[25], [32]
33]. However, these devices suffer from high added noise
quanta per transduced photon, as the OMC cavity is sus-
ceptible to optical absorption-based heating [34], leading
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FIG. 1. (a) Schematic of the constituent modes of a piezo-optomechanical transducer and their interactions with each other
and the outside world for (top) a single-ring device and (bottom) a double-ring device. ggas is the electromechanical coupling
rate, gonm is the optomechanical coupling rate, 7. is the microwave signal coupling efficiency, k. is the microwave mode (de)
loss J is the optical-optical coupling rate, rate, v; is the mechanical mode (I;m) intrinsic linewidth, x; is the optical mode (.,
G4, Gs ) intrinsic linewidth, and 7, is the optical mode external coupling efficiency. (b) Side profile of an example material
stack for an FBAR transducer, adapted from [26]. The dashed line denotes the axis of rotational symmetry. General estimates
of layer thicknesses are shown, and should be understood as rough guides. Specific FBAR devices may have slightly modified
dimensions. (¢) Thévenin equivalent circuit for a piezo-optomechanical transducer, including a matching network. Zi, is the
input impedance, L is the matching inductor, C'r is the matching capacitor, Ry is the matching inductor’s resistance, Co
is the static capacitance, Ry is the static resistance, R, Lm,C., are the motional resistance, inductance, and capacitance,
respectively, Ronm+ are the equivalent resistances for the optical signal and noise outputs, and Vig, Vi, Vin, V,, are the Thévenin

equivalent voltage sources which accompany every resistive element. for the Adapted from [27].

to non-negligible thermal Brownian motion of the me-
chanical modes [24]. Recently, two-dimensional OMCs
have been developed to enhance thermalization [35] [36]
and have achieved thermal occupancies of the phonon
cavity < 1 at high optical pump repetition rates with
optical cavity occupations on the order of 10 photons.
These results motivate the exploration of bulk acous-
tic resonators for even better thermalization, promising
acoustic cavity ground state operation at even higher op-
tical cavity occupations.

As an alternative to transducers based on OMCs,
transducers utilizing bulk acoustic resonators, such as
the Thin Film Bulk Acoustic Resonator (FBAR) devices
[26, [37H39] promise superior power handling capabili-
ties [40H42] and high electromechanical extraction and
phonon injection efficiencies [43], in addition to the ad-
vantage of their compatibility with CMOS foundry fab-
rication. The bulk nature of these devices may allow
for higher pump powers and repetition rates while main-
taining fewer added noise quanta per transduced photon,
since heat can propagate through the bulk of the chip.
Bulk acoustic modes have been integrated with super-
conducting circuits in the past and have achieved strong
coherent coupling [44] [45]. Furthermore, the degeneracy
of the microwave and mechanical modes in FBAR devices
eliminates the need to tune the microwave and mechani-

cal modes into resonance, using magnetic fields from e.g.
microwave coils installed within a dilution refrigerator
[33], significantly reducing the complexity of operation.

In this work, we design impedance-matching networks
and entanglement heralding protocols for the FBAR
transducer, following the work done by Wu et al. [27]
on matching network design and by Zeuthen et al. [2§]
on heralding protocol design. A side profile of an FBAR
transducer is shown in Figure b). These converters uti-
lize high-overtone bulk acoustic resonances (HBARs) as
an intermediary between microwave and optical modes.
For microwave-to-optical conversion, microwave signals
encounter a microwave cavity consisting of an aluminum
nitride (AIN) piezoelectric film sandwiched between sig-
nal and ground electrodes. During the electromechani-
cal interaction, these electrical signals generate expansion
and contraction of the film through the converse piezo-
electric effect; these expansions and contractions in turn
launch acoustic waves into the transducer’s acoustic cav-
ity. When the cavity length is equal to an integer multi-
ple of the acoustic wavelength, multiple acoustic standing
waves interfere constructively, leading to a resonant fea-
ture (an HBAR mode). The optomechanical interaction
arises from the acoustic resonances modifying the index
of refraction of an optical micro-ring resonator (MRR)
via the stress-optical effect.
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Intermediate-mode transducers, including piezo-
optomechanical devices, can be described by the generic
interaction Hamiltonian

h Z giM(i)me—iwmt —‘ri):nei“)mt)(&ie_iAit —l—djeiAit)

(1)

for the mechanical mode 13,,L with angular frequency wy,,
coupling rates g;p; and a pump-cavity detuning defined
as Aj = wj — Wpumyp for modes ;. In FBAR transducers
the mechanical mode and microwave mode are degen-
erate, so the mechanical field can be taken as pumped
directly by the microwave field with an input-output
relation of Ge in + Geout = \/@i)m [26, B9] for a mi-
crowave photon-phonon coupling rate e, ~ 49?;1»1/1“ with
microwave cavity linewidth I'. This simplifies the inter-
action Hamiltonian, which can now be written as

Hint _ thM(l;mefiwmt+l;;[neiwmt)(&OefiAot+&l‘)6iAot)
(2)

with pump-optical mode detuning A,. We can select
one of two possible optomechanical interactions by red-
detuning our pump laser pulse such that A, = w,, or
blue-detuning the pulse such that A, = —w,, [2]. Mul-
tiplying out the optomechanical interaction terms and
discarding high-frequency terms oscillating at +2w,,, we
have, for the red-detuned case,

Hint,red = thM((;jndo + Bmdi)
(3)

yielding a beamsplitter-like interaction between the opti-
cal cavity mode and the mechanical mode, where excita-
tions are swapped between modes. The red-detuned opti-
cal pump, together with a resonant microwave pump, en-
ables direct microwave-to-optical transduction. A blue-
detuned pump A, = w,, leads to optomechanical two-
mode squeezing interaction:

Hint,blue = thM(l;mdo + l;jn&l)
(4)
which will not be the focus of this work. Finally, if we
incorporate a second optical mode, we re-label the modes

as ap and ao coupled with rate J. We can write the
complete red-detuned interaction Hamiltonian as [26]

Hint,rea = hgonr (bl a1 + bmal) + b (alas + asab).

(5)

More details on the theoretical foundations underpin-
ning FBAR transducer operation can be found in refer-
ences [20] [37H39].

B. Butterworth-van Dyke model and impedance
matching

A disadvantage of FBAR transducers is their compar-
atively low optomechanical coupling rates [43]. An esti-
mate based on finite-element simulations for a layout sim-
ilar to that shown in Figure (b) puts the single-photon
optomechanical coupling rate at 400 Hz [26]. This low
coupling rate limits the conversion efficiency of the device
for low optical pump powers. In Blesin et al.[26], a peak
on-chip microwave-optical conversion efficiency of 40%
was theoretically estimated for an optical pump power
of 100 mW. While promising, achieving such high pump
powers on chip is unrealistic in a milli-Kelvin cryogenic
environment, and would likely introduce large amounts
of thermal noise in the transducer that would preclude
the ability to coherently transduce quantum information.

The performance of the FBAR devices can be improved
by the use of electrical impedance-matching networks,
which are used to boost signal transfer efficiency [27] [46].
Impedance matching networks can be used to either max-
imize the conversion efficiency of the transducer by bal-
ancing its cooperativities, or minimize added noise by
maximizing the electromechanical coupling rate. To de-
sign such networks, we first need to formulate an equiv-
alent circuit representation of the transducer.

The BVD model is an equivalent circuit model that
has been used extensively to understand the behavior of
FBAR acoustic devices [8, 27, 37, 43, [47]. Impedance
matching networks can be designed within an expanded
BVD equivalent circuit model that captures the behavior
of the entire transducer [27, [46]. What’s more, the phys-
ical parameters needed as inputs for the extended BVD
model, including the transducer’s static capacitance and
its electromechanical coupling factor (kgf ;= Wenzfw?)
for resonant microwave and mechanical modes), can be
extracted in a straightforward way from finite-element
simulations [47]. In Sec. [II| we use the extended BVD
model to design impedance matching networks for FBAR
transducers with a single optical cavity and with two cou-
pled optical cavities.

Here, for the first time, we show that the BVD
model can be used not only to optimize an optomechani-
cal transducer, but also to optimize optically-mediated
entanglement heralding protocols making use of these
transducers.

C. Entanglement heralding for superconducting
qubits

Often referred to as the DCLZ [9] or Barrett-Kok
[10] protocol, optically-mediated entanglement of remote
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FIG. 2. Diagram of an entanglement heralding setup between two nominally identical quantum network nodes consisting of
generic superconducting circuits and microwave-optical transducers, which are located within cryostats operating at 20 mK base
temperature. A single-ring transducer is depicted. A laser sends red-detuned pump pulses to the transducers. Top left shows
simplified density of states diagrams for red-detuned pumping of single-ring and double-ring FBAR transducers. Microwave
electronics send drive pulses to the superconducting qubits via coaxial cables (not shown) to initialize them in the excited
state. Photons output from each transducer coupled off-chip via cryogenic fiber bonds, with a typical loss of 3 — 10 dB, then
undergo pump filtering, also with a typical loss of 3 — 10 dB, before impinging on a Bell state analyzer (BSA) with a 50:50
beamsplitter. For the Type I protocol, single photon detection events in either photodetector herald entanglement between
the remote superconducting qubits. For the Type II protocol, coincident detection events (coins) do the same, using either a

balanced or unbalanced BSA.

matter-based qubits involves interfering flying photons
emitted by those qubits in a Bell state analyzer. The
beamsplitter within the analyzer erases which-path in-
formation before the photon(s) are incident upon single
photon detectors. This information erasure allows one
to project entanglement onto the remote quantum mem-
ories. These protocols can broadly be classified as one-
photon (Type I) or two-photon (Type II) protocols [48].

A Type-I protocol is that which uses an optical single-
photon state to establish a distributed Bell state between
matter-based qubits at remote network nodes. It will
only succeed when one photon is emitted, in total, from
both network nodes. As detailed below, Type-I pro-
tocols are susceptible to sources of infidelity from two-
photon emission events. They are also sensitive to path-
length variations within the experimental setup, where
even slight changes in the length of the network links can
change the relative phase of the entangled state, leading
to decoherence.

The phase stability requirement for Type-I protocols
[19, [49] incentivizes the development of Type-II proto-
cols, which are more robust to instabilities due to path-
length variations. They are also immune to some sources
of infidelity that affect Type-I protocols. The cost of
these improvements is increased experimental complex-
ity: quantum information is no longer encoded in a num-
ber state, but must be encoded in the time-bin, polariza-
tion, frequency, or other degrees of freedom of the optical

photons[48].

When we consider heralding protocols in the context
of superconducting qubits and transducers, even more
complexities are introduced. As discussed above, the
transducer can operate in different regimes depending on
the frequency of the optical pump with respect to the
optical cavity mode(s). Spontaneous parametric down-
conversion (SPDC) operation is induced by an optical
pump blue-detuned from the optical cavity (Equation
),2 whereas a red-detuned optical pump yields a beam-
splitter-type interaction that can be utilized for quantum
coherent state transfer (direct transduction, Equation
[50]. SPDC operation generates entangled microwave-
optical photon pairs within the transducer, where the
microwave photon can then be swapped into a super-
conducting qubit. Zhong et al.[29] proposed a Type-1I
heralding protocol utilizing blue-detuned pumping for
SPDC operation of the transducer and time-bin en-
coded optical photons. Recently, non-classically corre-
lated microwave-telecom photon pair generation has been
experimentally demonstrated [32, [51].

In contrast to SPDC operation, direct operation re-
quires the transducer to capture a microwave photon
emitted by a qubit. Direct operation allows us to avoid
populating the transducer’s acoustic mode with multi-
phonon states, which is a significant source of infidelity.
In this work we focus on red-detuned transducer opera-
tion, as it is experimentally more straightforward to im-
plement and has been shown to generate higher fidelity
entanglement generation[12] than SPDC-based heralding
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protocols for superconducting qubits.

Zeuthen et al. [28] previously explored the dependence
of entanglement fidelity on the conversion efficiency and
added noise associated with a microwave-optical quan-
tum transducer [28]. Here we build off of that work,
using outputs from the extended BVD model to obtain
estimates for the fidelity of these protocols for an FBAR
transducer in the presence of thermal noise. As a result,
for the first time, we show how the BVD model can be
used to optimize the transducer’s figures of merit and
those of a heralding protocol. Insights gleaned from our
simulations can be used to precisely engineer transducers
for optimal operation within a specific environment and
protocol.

II. ITIMPEDANCE MATCHING NETWORKS
FOR FBAR TRANSDUCERS

Impedance matching is a well-known technique for
maximizing power transfer, minimizing signal reflections,
or enhancing signal-to-noise in a network of elements
with varying impedance. In the domain of radio fre-
quency and microwave quantum circuitry, this technique
has been utilized for an array of applications involving
ultra-sensitive measurement of solid-state quantum elec-
tronic and electromechanical devices [52],[53]. A common
approach in these applications is to utilize impedance
matching L-networks, which consist of lumped element
inductors and capacitors to cancel the reactive (imagi-
nary) part of the load impedance, while transforming the
real part to match the source impedance [54]. Such net-
works can be used to maximize signal transfer in an op-
tomechanical transducer by forming a bridge between a
50 Ohm input impedance and a higher-impedance piezo-
electric element.

When we apply this idea to optomechanical trans-
ducers, we need to think somewhat differently about
the quantities we need to match. Specifically, we want
the matching network to match the electromechanical
loading and the optomechanical loading on the acoustic
mode. At the same time, the resonant frequency of the
matching circuit must match that of the acoustic mode
[27]. To determine the parameters necessary to achieve
these conditions simultaneously, we utilize an equivalent
circuit representation constructed from the BVD model,
as described below.

A. The BVD model

A BVD equivalent circuit for a piezo-mechanical ele-
ment consists of both a static arm and a motional arm.
Within the static arm, the static capacitor Cy captures
the usual capacitive behavior of the device’s electrodes.
The mechanical motion is described by the motional arm,
the motional inductance L,, and motional capacitance
C,, capture the mechanical kinetic and potential energy,
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FIG. 3. A modified equivalent circuit for a transducer with
two optical ring resonators. The three sub-circuits are the
matching network (blue), mechanical sub-circuit (green) and
the optical sub-circuit (orange). As compared to the equiva-
lent circuit shown in Figure 1(c), the optical sub-circuit has
been changed here. The optomechanical coupling is now rep-
resented by the effective resistance Ron and the effective re-
sistors Roo+, representing the upper and lower optical side-
bands, have been added in parallel with Roas.

respectively, and a motional resistance R,, represents the
dissipation of acoustic waves.

Generally, within the BVD model, one defines the elec-
tromechanical coupling factor as [55].

kgff = Cm/(CO + Cm) (6)

However, as we will show in Sec. [[TBT] for FBAR trans-
ducers (), < Cy and as such, we define the motional
elements in the familiar form:

CnL - kgffco (7)
1
L=
W%Lcm (8)
Ry = YmLm (9)

with acoustic mode w,, that exhibits an intrinsic
linewidth ~,,.
The behavior of a piezo-mechanical device is under-
stood by examining its admittance
Y (w) = iwCo + — i 10
(w) = dw 0+Lm7w2+iw’ym+w72n' (10)
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Near resonance with a mechanical mode at w,,, the imag-
inary part of the admittance curve will exhibit both a
peak and a dip. The peak appears at the series resonant
frequency w,s and the dip appears at the parallel reso-
nant frequency w,. The electromechanical coupling fac-
tor kaf 7 can be defined with respect to the series-parallel
frequency separation:

K2, =2 (11)

One might notice that for our previous condition C,, <
Co we find kepy < 1 and wy = wy,. The resonant fre-
quency relates to the series and parallel frequencies by
wm = (ws + wp)/2, and therefore a reasonable approx-
imation exists as w,, &~ ws. This approximation will
prove to be beneficial in the next section. Far away
from resonance, the device behaves as a capacitor, so
its capacitance can be extracted from the admittance
curve using the relation Im(Y,,) — wCy. As such, run-
ning a finite-element simulation of a device and plotting
its admittance curve allows us to extract kgf 7 and Cj
for our specific device geometry and inform the equiva-
lent circuit model. Moving beyond the standard BVD
model, the modified BVD (mBVD) model includes an
additional static resistance Ry to the static arm of the
piezo-mechanical device, which captures the dielectric
loss due to energy dissipation in the piezoelectric layer.
The mBVD model has been found to more accurately
model the behavior of FBAR devices[8], so we use it here.
See Appendix [A] for more details.

B. The Extended BVD model for optomechanical
transducers

We can use an extended BVD model to go beyond the
piezo-mechanical element and build an equivalent circuit
for the entire transducer device, including its optical el-
ements. Using the framework developed by Zeuthen et
al.[46] and Wu et al.[27], we developed an equivalent cir-
cuit to model the FBAR transducer. Like the device
considered in [27], the FBAR transducer utilizes an op-
tomechanical supermode, where a supermode is formed
by the hybridization of two modes that are nearly res-
onant with each other. In the FBAR transducer, the
piezoelectric and mechanical modes are resonant [56], as
discussed in Section [Al

The equivalent circuit for a piezo-optomechanical
transducer consists of three sub-circuits: the electrical
matching network sub-circuit, the piezo-mechanical sub-
circuit, and the optical sub-circuit, all of which are cou-
pled together. Thévenin equivalent circuit diagrams are
shown in Figures[I] and [3] While we refer the interested
reader to references [27, [46] for a detailed derivation of
the extended BVD model, we briefly introduce the for-
malism here.

Before moving on, it’s important to clarify an assump-
tion that is made in this work and in previous work on

this model [46], 57] : we are assuming the electrical and
optical modes are strongly coupled to a single acoustic
mode, and weakly coupled to all other acoustic modes.
In practice this may not be the case, particularly in unre-
leased FBAR transducers with a dense forest of acoustic
modes with a free spectral range of < 20 MHz [37]. Gen-
eralizing the equivalent electrical circuits for transducers
with multiple acoustic modes coupled in parallel is an
area of potential future exploration.

1. The matching circuit

A matching network (blue sub-circuit in Figures
consists of an inductor L, with resistance Ry, and a ca-
pacitor Cr coupled to the transducer’s acoustic mode
via its static capacitance Cy. The matching circuit has a
resonant frequency of

1

I S
LT JI(Co 1 Or)

and a quality factor

1 / L
= 13
Qre Zie + RV Co + Crp ( )

with input impedance Z;, from a transmission line. Its
linewidth . is

(12)

th + RL
e = ——F—— 14
and its external coupling efficiency 7. is
th
e = —— . 15
7 th + RL ( )

For a superconducting circuit, we can set Ry = 0. This
is a fairly accurate assumption that is explored in detail
in Appendix

Now that we’ve defined the matching circuit, we can
write an expression for the electromechanical loading of
the acoustic mode due to its presence:

Rem = Q1c(Ziw + Ry). (16)

This loading leads to an electromechanical cooperativity
of

Renv 495
C = = === 17

where the electromechanical coupling rate is

2
\/ kTWm . 2 Cm (18)

9gEM = 2 . kT:Cm+CO+CT

The electromechanical cooperativity captures the
strength of coherent coupling between the electrical and
mechanical modes. We can understand the action of
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the matching network as an impedance transformation
provided by the resonant signal enhancement due to
its loaded quality factor Qrpc. The presence of the
electrical LC circuit modifies the resonance condition for
the acoustic mode:

1 1 1
wm—\/Lm (Gm—'_OT—FCo) (19)

and, as elsewhere, the presence of the optical mode is
assumed not to shift the mechanical resonance [27].

2. The Optomechanical sub-circuit

Next we consider the optomechanical cavity, which
is coupled in series to the motional part of the piezo-
mechanical element. The optical MRR is understood to
have a total linewidth x, = kK; + Kezt, Where k; is its
intrinsic linewidth and k.. is its external coupling rate.
The optical external coupling efficiency is given by

Rext
Ko

Mo = (20)

The optomechanical coupling between this optical mode
and the mechanical mode is represented by frequency-
independent effective resistances Rops,+. The positive
resistance Rop,+ represents the desired output mode
(upper sideband for direct transduction), and the nega-
tive resistance —Ro s, — represents the optical noise chan-
nel due to the Stokes process creating photons in the
lower sideband, which excite spurious phonons in the

mechanical mode, creating noise photons in the upper
sideband [27].

Rom,+ = RmCom L3
Rom,— = RnCon L2
(21)

492 . . .
Here Con = Wgoé” is the optomechanical cooperativity

and the Lorentzian sideband amplitudes £ are

B (Ko/2)?
L= (/2 4 (o TA) (22)

where A is the detuning of the optical pump from the
optical cavity frequency. The optomechanical loading on
the acoustic mode is then

R¥ = Rm + Roum.+ — Rowm,—- (23)
Now that we have defined expressions for each sub-circuit

of the transducer, let’s put the sub-circuits together to
characterize the performance of the overall device.

3. Figures of Merit

Given the formalism established above, we can write an
expression for the conversion efficiency of the transducer.
The conversion efficiency can be written heuristically as

1 = NeMNoTint (24)

where 1., are the external coupling efficiencies of the
electrical and optical cavities, respectively, and 7;,; is de-
fined as the internal efficiency of the device. The form of
the expression for 7;,; depends on the number of coupled
modes comprising the transducer [3]. For a standard op-
tomechanical device with cooperativites C;;, C;, between
modes i, j, k, we write

4CijCjk

int = T4 . 4 \g- 2
Mlint (1+Cij +Cjk)2 ( 5)

From our equivalent circuit we can write the appropriate
expression for our device:

4RpymRowm +
R, + Rem + Rom,+ — Rowm,—)?
B ACpmCom L7
- el (14 Cem +Com(LE — £2))*

n= 776770(

(26)

While Equation is the commonly cited, or standard,
transduction efficiency expression for conversion with one
intermediate mode, it only pertains in the low coupling
limit, where Cgpr ,Com < 1 [B7]. We must take note
of this, since the presence of the matching circuit will
result in large electromechanical cooperativity Cgr > 1.
As such, we must also consider an alternative efficiency
expression [57]:

_ Rowmy
Nalt = MNello Ronis — Rowr— + B
= 1en Con2; (27)
T (Com(ZE - 22) +1)

Equation [27| reflects the fact that Coas is much smaller
than Cgj, for our device, and as the bottleneck, it deter-
mines the conversion efficiency. In Table [T below, we see
that for Cgps > 1, the standard expression for the effi-
ciency disagrees with the alternative expression. A down-
side to the alternative expression is its independence from
the matching network: according to it, the conversion ef-
ficiency does not see a boost from the impedance match-
ing process. As such, we include efficiency estimates from
both the standard and alternative expressions in Table|[[I]

From the equivalent circuit we can also extract expres-
sions for added noise during transduction, due to the
presence of both optical amplification noise and thermo-
mechanical noise. Optical amplification noise, or Raman
noise, occurs when a pump photon produces an output
photon at the angular frequency wpymp —wm, via a Stokes
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process. From two-mode squeezing, this process also pro-
duces a phonon which is then transduced into the upper
sideband as a noise photon.

iCOMgg

ne Cem (28)

Ny =
The number of thermo-mechanical noise quanta is

given by
1 npy

Nitp = —

Ne CEm (29)

Here n,, is the thermal bath occupancy given by the
Bose-Einstein distribution, n,, = (e"/#87 —1)~1. The
quantity €em/n,, is the electromechanical quantum coop-
erativity. It can be understood as the ratio of coherent
electromechanical coupling to the thermal decoherence
induced by the mechanical bath, and it reveals how the
impedance matching circuit enhances the ratio of electri-
cal signal to mechanical thermal noise in the transducer.

Finally, the conversion bandwidth is given by the dy-
namically broadened mechanical linewidth:

Aw =Y (1 + Crnm + Com (LE — £2))
= (R + Rem + Rowm,, — Rom,—)/Lim. (30)

Details of how we modified the extended BVD model to
include the static resistance Ry can be found in Appendix
[Al Now that we have defined the figures of merit of our
transducer as they relate to our model, we can proceed
to design an impedance matching network.

4. Designing the matching network

It is ideal for all of the figures of merit for our trans-
ducer to be optimized simultaneously. In practice, there
will be tradeoffs, and devices will have to be designed
with use cases and prioritized properties in mind.

Let us begin with the most straightforward goal: opti-
mizing the microwave-to-optical conversion efficiency of
the transducer. If we assume the optomechanical and
mechanical parameters to be fixed, the signal transfer ef-
ficiency expression (Equation reaches its maximum
as a function of Cg)s when

Cem = C%p]t[ =1 +COM($.E — ff) (31)

To satisfy the cooperativity relationship in Equation
we need to choose the matching circuit parameters Cr,
L, such that the electromechanical loading Rgps is equal
to the optomechanical loading R}, [27]:

Reyv = R + Rovr,+ — Rowr,—. (32)

This amounts to choosing the electromechanical broad-
ening of the mechanical mode to be equal to the intrinsic
mechanical linewidth plus the net optomechanical broad-
ening. Working through the algebra, this relationship

leads us to two equations for the matching circuit that
we must solve in accordance with the resonance condition

wWrc = W

1 1

Cr=—\ o
Wm REPJT/I(Zt:B + RL)

—Co (33)

1 o
L=— R (Zin + RL). (34)

m

This system of equations must be solved self-consistently.
However, an analytical solution of Equations. [33] and
may be obtained if we assume that the dependence of
ROEp& on the acoustic mode frequency w,, can be ne-
glected. This is a valid assumption when kgf K Ko Jws
[27]. For the transducer, k:gff =4.3x 1073 and k,/ws =
4.566 x 1072, so we can proceed with this approxima-
tion. For the analytical solution at the resonance con-
dition wrc = wm,, with the earlier assumption w,, ~ ws
and

ws = (35)

the new expression for Cp takes the form [27]

C

CTZTm *C()

4
1+ -1
\/ R w2C2 (Ze + Rr)
(36)
where the matching inductance can now be calculated
via

I - LmCm(Co + CT) _ 1
(00 + OT)(Om + Co + OT) wf(C’m + Co + CT) '
(37)
How do these expressions change when we wish to min-
imize the added noise during transduction? When this
is our goal over and above efficiency maximization, we
turn away from impedance matching as commonly un-
derstood. Here, we no longer wish to achieve zero sig-
nal reflection on resonance (w, = wrc). Instead, we
want to maximize the electromechanical cooperativity
Cgn to minimize the number of thermal noise quanta
(Equation . Since Cgjs is inversely proportional to
the matching capacitance, we can simply set Cpr = 0,
and calculate the matching inductance L at the resonant
condition as is done to maximize conversion efficiency.
Detailed derivations behind this brief summary section
can be found in reference [27]. In Sec. below, we use
this formalism to design impedance matching networks
for FBAR transducers. Before detailing these results, we
must ask, can the formalism be modified to include an
additional cooperativity? If so, how? Such a modifica-
tion is necessary for transducers that utilize two coupled
optical cavities. We explore this question next.
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FIG. 4. Matching inductance (blue) and capacitance (green)
for a single-ring FBAR transducer as a function of goas.
The matching inductance is the same for efficiency maxi-
mization and noise minimization, and increases linearly for
gom > 3 MHz. For a noise-minimizing circuit, the matching
capacitance is constant at zero. For an efficiency-maximizing
circuit, the matching capacitance decreases with increasing
gonm- The formalism outputs a negative (un-physical) match-
ing capacitance for goar > 50 MHz.

C. Modifying the equivalent circuit to incorporate
a photonic molecule

Here we modify the extended BVD model to include
the optomechanical loading from a photonic molecule, i.e.
a system of two coupled micro-ring resonators, for the
first time. A photonic molecule is a two-level photonic
system that can be dynamically controlled by gigahertz-
frequency microwave signals, and it typically consists of
two coupled MRRs, where only one MMR is coupled to
a bus waveguide [58]. This extension is a crucial step for
modeling a wide range of optomechanical transducers,
since many rely on the mode splitting within a photonic
molecule to achieve triply resonant transducer operation
[38]. When two MRRs are coupled at a rate J, their

TABLE I. Input Parameters for Extended BVD Model.

Name Symbol Value
Single photon

optomechanical coupling rate gom,0/2m 400 Hz
Optical cavity frequency wo /2w 193 THz
Optical intrinsic linewidth Ki /2T 25 MHz
Optical external coupling rate Kewt/2m 125 MHz
Mechanical mode frequency wm /27 3.285 GHz
Mechanical intrinsic linewidth vi/27 2.6 MHz
Electromechanical coupling factor kgf ¥ 4.3E-3
Optical Cavity Photon Number Neav 16 — 2.5E9
Static capacitance Co 200 fF
Static resistance Ry 10 k2
Device Temperature T 10-100 mK
Ring-ring coupling rate J/27 1.7 GHz

modes hybridize into supermodes. So-called symmetric
and anti-symmetric supermodes appear with a frequency
splitting equal to 2J. For microwave-to-optical transduc-
tion, the optical pump is tuned to the lower-frequency
symmetric supermode frequency wg, which sits w,,, = 2J
lower than w4. This triply-resonant condition, when sat-
isfied, should boost the conversion efficiency at a given
optical power due to the cavity enhancement of the pump
tone [38].

The coupling between the two MRRs introduces addi-
tional optomechanical loading on the mechanical mode,
so we must re-define the equivalent optomechanical cir-
cuit for this device. We do this by adding two additional
resistors Rpoo,+ to represent the optical signal and noise
outputs, and add these in parallel with a modified op-
tomechanical coupling resistor Roar. Roo,+ are added
in parallel, as opposed to in series, following the generic
formalism put forth in Ref. [57]. The addition of a second
MRR, and the corresponding optical-optical cooperativ-
ity Coo, transforms the device from a 1-stage transducer
to a 2-stage transducer. As such, the effective electri-
cal circuit renders the correct transmission coefficient for
the device within the Heisenberg-Langevin equations of
motion [57].

The coupling between the acoustic mode and the
first optical cavity is now represented by the effective
impedance Rojs as

Rom = RnCom- (38)

This term now represents the optomechanical interaction
without including information about the output sideband
amplitudes. To capture that information, we add in two
resistive terms. The resistors Rgo are defined as

Roo.+ = RmCooZ}
Roo.— = RnCoo.L?
(39)

For the newly defined optical-optical cooperativity Coo

(40)

where we assume the intrinsic linewidths of both cavities
are equal, K1 = Ko = Ko, and J is the ring-ring coupling
rate. These terms include the information about Anti-
Stokes and Stokes output sideband amplitudes. We note
that, while these changes to the equivalent circuit modify
the expressions for the optomechanical circuit elements,
they do not change the expressions for the piezoelectric
sub-circuit or impedance matching network elements.
For analysis of the circuit, we add the optomechanical
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resistors together in parallel, yielding the expression

1 1 -t
RY
oM <ROM - Roo,+ — Roa)

Ron(Roo,+ — Roo,-)
Row + Roo,+ — Roo,-
= R, Coh, (L2 —£2)  (41)

ROM+ ROM - =

where the modified optomechanical cooperativity is de-
fined as

e ComCoo
OM = Con + Coo(L?

— (42)

And the optomechanical loading on the acoustic mode is
now

R¥, = Ry + RS, (43)

What expressions should we use to extract the device’s
figures of merit now? The expression for thermal noise re-
mains unchanged (see Equation , but the expressions
for Raman noise, conversion efficiency and bandwidth do
change. The optical Raman noise is now

1 Co\L2
ne Cem
the bandwidth is defined as

; (44)

Ng = —

Aw =Y, (1 + Cem + Coh (LF — £2))
= (Ry + Rem + RGhy) /L (45)
so we see that the additional optomechanical loading fur-
ther broadens the conversion bandwidth. What of the

efficiency? Following the standard expression, which ap-
plies when Copn, Cear,Coo < 1, we write

4REMRG o
R,, + Rem + RgIM)Q
ACeMCHL LR
:776770(1+CEM +Co (.,2”2

1 = NeTlo (

)k (46)
However, for the two-ring device, we are far outside of
the low-cooperativity regime. The strong ring-ring cou-
pling needed to achieve supermode splitting at relevant
frequencies of 4 GHz results in large Coo, and conse-
quently, the matching circuit yields a large Cgps. For
Cem > Com, Coo > Con, we must also consider the
alternative expression [59]:

”ali ” ”U 2
= 1e

_ Rowm
= 776770( /7ROM TR+ #Rm)Z

as with the 1-ring transducer, the alternative efficiency
expression has no dependence on the matching circuit.
We include both the standard and alternative efficiency
values in Table [l

(47)

D. Matching circuits for single-ring and
double-ring FBAR transducers

Here we apply the above formalism to the design of
matching circuits for FBAR transducers. For all calcu-
lations, we use physical parameters from Blesin et al.[20]
as inputs to the model: these parameters are listed in Ta-
ble [} For all calculations, we also set the device temper-
ature to 50 mK and the cavity-enhanced optomechanical
coupling rate to 10 MHz, which corresponds to 6.25 x 108
photons in the optical cavity. The frequency of the opti-
cal pump is set to be red-detuned from the optical cav-
ity mode by the acoustic mode frequency: A, = —wy,.
Results obtained for single- and double-ring devices are
summarized in Table [T and discussed briefly here.

1. Matching Circuit for Single-Ring FBAR Transducer

The matching capacitance and inductance values re-
quired for a single-ring FBAR transducer are plotted ver-
sus gom in Figure [ The plot shows how the required
matching capacitance increases versus pump power for
an efficiency-maximizing circuit. At gon > 50 MHz,
the matching capacitance becomes negative. This un-
physical result tells us that it is not possible to design
an efficiency-maximizing impedance matching circuit at
this pump power. The matching inductance is equal for
either efficiency maximization or noise minimization, and
increases with pump power. Overall, this plot shows that
it is easier to fabricate matching circuits for lower pump
power operation of the transducer.

An impedance matching circuit designed to maxi-
mize conversion efficiency at a moderate pump power
with gons = 10 MHz requires a matching capaci-
tance of 522.346 fF and a matching inductance of L =
3.246 nH. This circuit results in a conversion efficiency
of 42.197%. Since all cooperativities have values close to
1, the standard efficiency expression matches the alter-
native efficiency expression. The conversion bandwidth
is 10.533 MHz, the Raman noise quanta are 6.598 x 107
per transduced photon, and the thermal noise quanta are
2.203 — 2 x 1072 per transduced photon.

When we modify the matching circuit to minimize
added noise, Cr — 0 fF, the required matching in-
ductance remains almost the same. With this match-
ing circuit, we achieve a conversion efficiency of 28.688%
(standard expression). The decrease in efficiency is to
be expected, since the matching circuit no longer min-
imizes signal reflections when wrpec = wp,. We add
1.829x 105 Raman noise quanta per transduced photon,
and 6.110 x 1072 thermal noise quanta per transduced
photon. Choosing this circuit, we can lower the thermal
noise quanta by 27.7%. In the process, we sacrifice con-
version efficiency. Using the standard efficiency expres-
sion,the efficiency drops - however, Cgyy = 7.304 > 1,
outside of the low-cooperativity regime where the stan-
dard expression applies - so we must be wary of this
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(a) -
Transducer 50 ym
top electrode

Matching capacitor
Co-planar

waveguide Matching

inductor

Maximize
efficiency

(b)

Ground plane

Co-planar

waveguide Matching inductor

Minimize
noise

FIG. 5. Example device designs for a single-ring FBAR transducer. The matching networks shown here are qualitatively
designed for an FBAR transducer with the properties listed in Table [l and gons = 10 MHz. The matching network depicted
in (a,b) is designed to maximize the conversion efficiency of the transducer, and consists of a meandering inductor and a
square-shaped capacitor. The 3D rendering in (b) shows an electrical wirebonding pad leading to a 50 Ohm superconducting
waveguide, which is galvanically connected to the transducer. The green layer in (b) is the AIN piezo layer. Not shown here
is the piezo cavity’s bottom electrode and the cladded MRR, sitting beneath the piezo cavity. The device depicted in (c) has
a matching network designed to minimize added noise, which consists of a high kinetic inductance nanowire inductor. The
design is similar for double-ring devices: a second optical ring resonator would be coupled to the ring located beneath the top
electrode shown. Note that (a,b) show a MRR with a radius of 20 um to match reference [26], whereas (c) has a MRR radius

of 125 pm to match reference [37].

value. The alternative efficiency value (42.197%) doesn’t
change, since it does not depend on matching circuit
parameters. We can then understand the peak conver-
sion efficiency to sit in a band between these upper and
lower bounds, understanding the efficiency is likely to be
lower than that for the efficiency-maximizing matching
network.

The optimal matching circuit values depend sensitively
on the operating regime of the transducer. For exam-
ple, for gops = 10 MHz, the matching capacitance to
optimize conversion efficiency is 522 fF. If we increase
the number of optical pump photons from 6.25 x 108 to
2.5 x 10°, a four-fold increase, the optimal matching ca-
pacitance falls to 253 fF. These results reinforce the re-
quirement to design and fabricate transducers to operate
within a specific set of experimental conditions, informed
by the resulting estimated figures of merit entanglement
protocols, as we obtain below. See Fig. 5| for an example
impedance-matched transducer design.

When designing impedance matching networks, espe-
cially those that require Cr = 0 to minimize added noise,
we must take care to consider the effects of parasitic ca-
pacitance terms. Spiral inductors, like the one depicted

in Ref. [27], have significant self-capacitances and capac-
itances to ground. If ignored, stray capacitances will pull
the matching circuit away from its optimal regime, lead-
ing to degraded device performance. Likewise, matching
capacitors will have parasitic inductances. In Appendix
[C] we investigate the effects of these unwanted terms on
the matching network and transducer performance.

2. Matching Circuit for Double-Ring FBAR Transducer

For a two-ring transducer, the matching circuit must
be designed to match the new optomechanical sub-
circuit. Of note, adding the new resistors Rpo,+ in paral-
lel with Rpps only changes the total optomechanical load-
ing very minimally, from 90.314 © to 90.229 2. Because
of the similar optomechanical loading, the matching cir-
cuit values and corresponding figures of merit are similar
for both instantiations of the device, both for efficiency-
maximizing and noise. The only notable difference is that
the alternative efficiency expressions for the two-ring de-
vice return a lower efficiency value. It appears that for
the single ring devices, the appropriate standard expres-

Approved for Public Release; Distribution Unlimited. PA #AFRL-2025-0176 11



Maximize Efficiency: Type I, 90% link loss Maximize Efficiency: Type I, 50% link loss Maximize Efficiency: Type I, 10% link loss
(@500 200 A . . (©)300 Al . .
N 0.8 0.9
M 150 21 08 < '
£ d |
o o
El 0.6 3 § 08
g 5l g
2 g 0.6 3
g g g 0.7
S, 046 =
0.4 0.6
100 200 300 400 500 x10° 100 200 300 400 500 x10° 100 200 300 400 500 x10°
Optical Cavity Photon Number Optical Cavity Photon Number Optical Cavity Photon Number
(d)200 _Minimize Noise: Type I, 90% link loss (e) 0- Minimize Noise: Type I, 50% link loss (f) Minimize Noise: Type I, 10% link loss
ﬁ F r F
. 0.9
_ _ _ 0.95
N 150 0'8::4150 M 150
£ | 0s%
o
2 100 g g 020
g 0.6 £100] 0.78 100
Q Q Q
£ £ £
gk S 065 0.85
50 £2| | 501 50
| 0.4 L
E 05 0.80

100 200 300 400 500 x10°
Optical Cavity Photon Number

100 200 300 400 500 xl10°
Optical Cavity Photon Number

100 200 300 400 500 x10°
Optical Cavity Photon Number

FIG. 6. Entanglement readout fidelity F for Type-I heralding protocols plotted versus optical cavity photon number and device
temperature. The plots are shown with link loss values of 90% (a,b), 50% (c,d) and 10% (e,f). These results show that the
achievable readout fidelity has a strong dependence on 7;, which is mitigated to a small degree using noise-minimizing matching
circuits. Overall, the achievable fidelity is boosted by at least 5%, and up to 10% or more, at higher temperatures when the

noise-minimizing matching circuit is used.

sion overestimates the conversion efficiency, whereas for
the two-ring device, the appropriate standard expression
underestimates the efficiency.

While the matching circuits for one-ring and two-ring
transducers are similar for the operating regime stud-
ied here, we are now equipped with a more generalized
formalism that enables us to design matching networks
across a wider variety of optomechanical transducers.
One such design is discussed below.

8. Ezample Matching Clircuit Design

Using the above formalism, we here propose device
designs for FBAR transducers with both efficiency-
maximizing and noise-minimizing matching -circuits.
Rough order-of-magnitude qualitative designs and ren-
derings for these devices are shown in Fig. [5| where the
FBAR transducer is understood to have the material
stack shown in the cross-section in Fig. a). The device
shown here has a MRR with a radius of 20 um, (125 um
in panel (c)), and an annulus-shaped top electrode. The
electrode is fabricated using a pull-back process [38] 60]
engineered to minimize electrode capacitance. This is a
qualitative diagram, and the design is understood to be
applicable to a variety of optical cavities and electrode
configurations.

The example designs are shown with a 200 nm thick
Niobium superconducting layer, which defines the super-

conducting circuit and the ground plane. A wire-bonding
pad (top of panel (b)) connects to a 50 Ohm supercon-
ducting waveguide, which connects galvanically to the
top electrode of the transducer. This electrode is also
galvanically connected to the impedance matching cir-
cuit to achieve the in-parallel configuration dictated by
the extended BVD circuit model. The ground plane
for the impedance matching circuit is the same as the
ground of the transducer’s piezo cavity. The efficiency-
maximizing version of the impedance matching network
shown in panel (a,b) incorporates a Niobium meander-
ing inductor. The total footprint is an area of approx-
imately 100 pm x 100 pm. The meander line width,
center-to-separation, and total length should be designed
to target a total inductance in the 2 — 4 nH range with
an anticipated parasitic capacitance in the 5 — 10 fF
range. The specific lumped element values will depend
on the quality of the deposited materials and fabrication
conditions, so this example is meant to be qualitiative
and not exact. The matching capacitor is designed in
a rectangular shape with dimensions of approximately
300 pm x 325 pm, and has an additional capacitance of
400 — 500 fF.

A device with a noise-minimizing version of the match-
ing network is shown in panel (c). Since this matching
network requires a capacitance as close to zero as possi-
ble, the square capacitor is discarded and the meander-
ing inductor is swapped out for a high kinetic inductance
nanowire inductor [6I]. The nanowire inductor shown
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FIG. 7. Type-l1 Entanglement readout fidelity versus link

loss for T = 50 mK and (a) go = 1 MHz and (b)
gom = 10 MHz. Blue curves correspond to efficiency-
maximizing matching circuits and red curves correspond to
noise-minimizing matching circuits. Dashed curves corre-
spond to fidelity ignoring the effects of thermal noise, and
solid curves take thermal noise into account. For larger gowm,
the difference in fidelity between the two matching circuits is
more prominent, since the probability of false positive detec-
tion events increases more dramatically for high link loss.

consists of a ~ 20 nm-thick NbN layer with a width of
1 pm and length of ~ 150 ym. Depending on the specific
materials and fabrication recipes involved, the nanowire
length can possibly be reduced to < 10 pum to achieve
an inductance in the 2 — 4 nH range with an estimated
parasitic capacitance is in the aF range. Additional dis-
cussion exploring the effects of parasitic lumped element
terms can be found in Appendix [C]

III. BVD-INFORMED ENTANGLEMENT
HERALDING PROTOCOLS

Now that we have established how to design impedance
matching networks for the FBAR transducer, both to

F
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FIG. 8. Type-II Entanglement fidelity F versus temperature
and optical cavity photon number for a matching circuit (a)
maximizing conversion efficiency and (b) minimizing added
noise. The Type-II protocol is not susceptible to lower fideli-
ties at higher pump powers, as opposed to the Type-I proto-
col. The addition of a noise-minimizing impedance matching
circuit in (b) significantly improves fidelity as the tempera-
ture increases.

maximize conversion efficiency and minimize added noise,
we investigate how the impedance-matched devices per-
form within Type-I and Type-II entanglement heralding
protocols. Readout fidelities and entanglement genera-
tion rates are plotted and analyzed in various experi-
mental operating conditions. These results allow us to
make informed decisions in the device design phase to
optimize the chosen quantum networking protocol, given
a set of realistic experimental parameters such as tem-
perature, transducer pump power, and link loss between
the transducer and the Bell state analyzer.

Let us begin with Type-I entanglement heralding. Be-
cause this is a single-photon protocol, it will succeed only
when one photon is emitted, in total, from both net-
work nodes (see Fig. . For each trial of the experiment,
there is a small chance that both superconducting net-
work nodes will produce an entangled telecom photon,
and that one of these photons will be lost in the net-
work before reaching the photodetector. Instances such
as these, where two photons are emitted but only one is
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detected, and the two events are completely uncorrelated,
produce false positive events and contribute to the infi-
delity. In conceiving false positive detection events this
way, we are assuming that two-photon detection events
can be sorted from one-photon detection events and dis-
carded through post-selection.

While this source of infidelity is limiting, in practice,
the primary downside of Type-I entanglement is the re-
quirement of absolute relative phase stability between the
photon sources and the beamsplitter [48]. Slight changes
in optical fiber path length due to temperature fluctua-
tions, for example, can change the relative phase of the
entangled state. This approach could still be suitable for
entanglement generation between cryostats in the same
building, e.g. local area networks, but will quickly be-
come untenable for longer networks with larger inherent
phase instabilities. In the discussion below, the fidelity,
or readout fidelity, of the protocol refers to the condi-
tional fidelity of Bell state generation [28], that is, the
overlap of the created quantum state with the desired
quantum state, given that the relevant photodetector
click condition is fulfilled.

Wang et al. developed a framework to extract the fi-
delity and entanglement generation rate of a heralding
protocol that depends on the properties of an optome-
chanical transducer[59], but did not incorporate contri-
butions from added noise. Zeuthen et al. developed ex-
pressions for entanglement fidelity in the presence of noise
[28] and found that the fidelity depends much more sen-
sitively on the number of added noise quanta than on
conversion efficiency. Here, we combine the methods of
[28, [59] while establishing a connection to the extended
BVD model for an impedance-matched transducer.

Assuming a Poissonian photon detection process, fol-
lowing the Stochastic master equation [I2], a photon is
emitted by the transducer with probability

P1=1—P0=1—€7T°At (48)

where r, is the photon generation rate and At is the fixed
time duration of the transduction process. Note that
Eq. @8] represents the probability that at least one photon
is emitted, and not precisely one photon. The probability
of precisely one photon emission event occurring within
At is

Psingle = roAte_rOAt~ (49)

Py = Psingie when Py < 1, i.e. when the product roAt <
1. As will be shown below (see Table , we obtain
the values at or near rgAt = 0.28 at a relatively high
optomechanical coupling rate of 10 MHz. For this value,
Py = Pgingie. We must remain aware of this assumption,
however, understanding that it becomes less accurate as
the pump power to the transducer is increased.

Next we define the expression for At. For an FBAR
transducer with a single optical cavity, we have the trans-
duction time duration

At =27 (Ygem + Ygor + Ykear) (50)

which can be understood as the sum of the lifetimes of
each of the constituent cavity modes of the device, plus
the time it takes for a transducer photon to couple out
of the MRR and into the optical bus waveguide. For a
two-MRR transducer we have

AtQMRR =2 (1/9EM + 1/QOM + 1/J + 1/Hezt) . (51)

Both single-MRR and double-MRR devices have an opti-
cal photon generation rate (for a single microwave photon
input) of

1 4g2O]V["{ezt

To= —————
C 27 (Keat + £i)?

(52)
where K¢z is the external coupling rate of the optical
cavity, and k; is its intrinsic loss rate. The probability of
successfully detecting an emitted photon is

Poyee = Plnlndet~ (53)

Where 7; is the probability that the photon reaches the
photodetector without being lost in the network link, and
Ndet 1s the detector efficiency.

The desired, or target, photonic Bell state is

1Wonot) = V/Por [0418) + v/ Pio|1405)  (54)

where Py; (Pjo) is the probability that Node A(B) emits
zero photons and Node B(A) emits one photon

P01 = P10 = P1P0 = (1 — e_roAt)e_ToAt. (55)

The detection of the target photonic Bell state after
the beamsplitter will project the remote superconducting
circuits into the distributed Bell state

Wsq) = v/Pot leagn) + v/ Piolgaes) (56)

where |g) , |e) are the qubits’ ground and excited states,
respectively. During an entanglement generation at-
tempt, there is a probability that both network nodes
will emit entangled photons, but one photon is lost before
reaching the photodetector. This scenario contributes
false positive events to the infidelity of the protocol,
since both superconducting qubits will be in their ground
states, even though we think one is in its excited state.
This occurs with P;,, the probability of an infidelity-
causing event, of approximately

Py, = Pum(1 —m) = Ping(1 —ny). (57)

As such, the fidelity of the protocol is then:

_ Poymi + Promy _ 2Py

- Pl —m) + P+ Poom P2(1—m) + 2P

(58)
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In other words, the fidelity is equal to the ratio of the
total probability of creating the desired state to the sum
of the probabilities of creating the desired state and of
creating an undesired state with a single detection event.
As the pump power to the transducers increases, P? in-
creases, and the fidelity is degraded. Note that by count-
ing false positive events in this manner, we assume that
we are able to distinguish between single count events
(desired) and coincident events (undesired) and discard
those through post-selection. The associated photon gen-
eration rate is

At
n, = 2rge oAt (At 1 ) (59)

for a superconducting qubit reset time ¢,.. The factor of
2 is present because either node can emit a photon. This
leads to an entanglement generation rate of

Tent = NyrMiTdet - (60)

A. Incorporating Infidelity Contributions Due to
Thermal Noise

For a thermal population of n;, the probability of the
transducer emitting a photon due to this thermal occu-
pation is approximately

A (61)

where 7, is the rate of photon generation due to the
presence of thermal quanta in the transducer’s acoustic
mode:

Tth = ToNth- (62)
|

_ 2Po1 (1 — Pu)*my
Py + 2Py (1 — Pip)?m

2Py (1 — Py, )?

The expression for the infidelity is now

Py = [PE(1— Pi)*+
Po1Pin (1 — Pyp)+
PioPip(1 = Pip)+

PooP3,)]m (1 —m)+
2Py, (1 — Py)Poomu. (63)

The (Py1 Py, (1 — Pip,) + Pio Py (1 — Pip,))mi(1 — 1) terms
correspond to false positive events arising from attempts
where one node emits a photon entangled with a super-
conducting qubit, and the other node emits a photon due
to the presence of thermal quanta in the transducer, and
one of the photons is lost before reaching the photode-
tectors. The PyoP2,m(1 — m;) term corresponds to false
positive events arising from attempts where both nodes
emit photons due to the presence of thermal quanta in
the transducer and one of the two emitted photons is
lost before hitting the photodetector. There is an addi-
tional term of 2P, (1 — Py,)Poom which represents false
positive events arising from attempts where neither node
emits an entangled photon, but one node emits a pho-
ton due to thermal excitation, and that photon reaches
a photodetector.

If nodes A and B emit photons with the same proba-
blhty (P()]_ = P]_()), this simpliﬁes to

Py, = [PE(1—Pyp)*+2Po1 Py (1—Pyp) +Poo PR I (1—m)+
2PyoPin(1 — Py)m (64)

The fidelity expression takes the form

(PE(1 = Pip)? + 2Py P (1 — Pup) + PooP2) (1 — mi) + 2Poo Pen(1 — Pip,) + 2Pp1 (1 — Pyp,)?

Here is the point where the extended BVD model of our
transducer comes into play. For a given set of device and
operating parameters, the BVD model outputs match-
ing circuit parameters, an estimated conversion efficiency,
and estimates for added noise quanta due to Raman and
thermal noise. (Note that in this section we disregard
Raman noise quanta, since there are multiple orders of
magnitude fewer noise quanta due to Raman noise.) We
can use the thermal noise output (Equation from the
BVD model as an input to our entanglement generation
fidelity expressions, while simultaneously optimizing our
transducer for either highest-efficiency or lowest-noise op-

(65)

(

eration. To do this, we input the BVD value of ng, into
Equation

B. Two-Photon Protocol with Thermal Noise

Type-II entanglement heralding involves the interfer-
ence of two optical photons, one emitted from each node.
The interferometric phase is now common to both pho-
tons. As such, it can be factored out of the distributed
entangled state, bypassing strict requirements on phase
stability. Not only are Type-II entanglement protocols
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more robust to instabilities due to path-length variations,
they are also not limited by the intrinsic contribution to
the infidelity described for Type-I above, where two pho-
tons are emitted but one is lost. This means that the
quantum memories can be pumped harder to emit pho-
tons with a higher probability.

For these protocols, the quantum information can be
stored in the frequency, state of polarization, or time-bin
degree of freedom of the optical photon [4§]. Since su-
perconducting qubits will most naturally emit time-bin
encoded photons[62], [63], we focus on the time-bin en-
coding basis for qubit-photon entanglement. Time-bin
encoding is commonly found in color-center based quan-
tum networking experiments [64] [65].

Here, for example, detecting a photon in the Early
time bin mode corresponds to a qubit in its ground state,
whereas a photon in the Late time bin mode corresponds
to a qubit in its excited state. Changing to the time-bin
basis, the target photonic Bell state is now

|Uohot) = \/Pa,LPp.E|0ElL) —\/PaePp,L |1EOL(> )

66

where P4 1, is the probability that Node A emits a pho-

ton in the Late time bin and Pp g is the probability that

Node B emits a photon in the Early time bin. If this

photonic state is detected, it will project the supercon-
ducting qubits into the target Bell state

(Wsq) = \/Peg leg) — /Py lge) (67)

where Py = PAo, 1. PE = Pf is the probability that the
qubit at Node A is in the excited state and the qubit at
Node B is in the ground state.

Let us now formulate expressions for the fidelity of the
two-photon entanglement heralding protocol. Entangle-
ment attempts that produce zero or one photons instead
of two can be discarded: this post-selection process is
powerful in that it avoids many would-be sources of infi-
delity that do not produce one click each in the Early and
Late time bins. We are free to increase the pump power
to the transducer without worrying about two-photon
emission events. Following our reasoning for the fidelity
expression in Equation there are no sources of infi-
delity in the absence of noise. This will not be the case
for realistic experimental conditions, but, seeing as state
preparation for superconducting qubits is a high-fidelity
operation, we assume as much here.

As we will discover, the presence of thermal excita-
tions in the transducer’s acoustic cavity contribute more
significantly to the infidelity for the Type-II protocol,
as compared to the Type-I protocol. This result may
seem counter-intuitive; however it is the case, because
the time-bin Type-II protocol allows more opportunities
for spurious photon emission events to produce the de-
sired click condition and generating false positive events,
as detailed below.

There are two sets of false positive events to consider
in the presence of thermal noise: first, for each entan-
glement attempt, it may happen that one node emits an

(a) I I I I ‘I
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FIG. 9. Entanglement readout fidelity for Type-I and Type-
IT versus link efficiency for (a)gom = 1 MHz and (b) gom =
10 MHz at T' = 50 mK. Red curves: Type-I, minimize noise,
Blue curves: Type-I, maximize efficiency Gold curves: Type-
II, minimize noise, Green curves: Type-I, maximize efficiency.

entangled photon in one time bin, whereas either node
emits a photon in the opposite time bin due to the pres-
ence of thermal quanta in the transducer. There are eight
such contributions, two each from the four combinations
of Early/Late signal photon emission: for each combina-
tion, either node may emit the noise photon. Here we
note that a single node can emit in both of the time bins
as a result of thermal noise. This situation obtains when
the time bin separation t,., is greater than the time it
takes to transduce a noise phonon to an optical photon.
Here we have defined t,., to always be greater than this
value.

Second, it may happen that both clicks result from
thermal emission from either node, one photon in each
time bin. There are four such contributions. For the
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TABLE II. Example results for FBAR transducers (for ncq, = 625 mil or goy = 10 MHz and A = w, at 50 mK).

Name Symbol 1 Ring, Max Eff. 1 Ring, Min Noise 2 Rings, Max Eff. 2 Rings, Min Noise
Motional capacitance Ch, 0.860 fF 0.860 fF 0.860 fF 0.860 fF
Motional inductance L., 2.729 uH 2.729 uH 2.729 uH 2.729 uH
Motional resistance Ry, 44.588 Q) 44.588 Q) 44.588 Q2 44.588 Q2
Lorentzian upper sideband .,2”_,% 1 1 1 1
Lorentzian lower sideband Z2 1.303E — 4 1.303E — 4 1.303E — 4 1.303F — 4
Upper sideband resistance 1 ring  Rom,+ 45.732 Q 45.732 Q N/A N/A
Lower sideband resistance 1 ring  Rom,— 5.959E — 3 Q 5.959E — 3 Q N/A N/A
Equivalent OM resistance 2 ring R N/A N/A 45.656 Q2 45.656 Q
Upper sideband resistance 2 ring  Roo,+ N/A N/A 22.908 k2 22.908 k2
Lower sideband resistance 2 ring  Roo,— N/A N/A 2.985 Q 2.985 Q
Optomechanical cooperativity Com 1.026 1.026 1.026 1.026
Optical-optical cooperativity Coo N/A N/A 513.778 513.778
Total optomechanical loading R, 90.314 Q 90.314 Q 90.229 Q 90.229 Q
Matching capacitance Cr 522.346 fF 0 fF 522.680 fF 0 fF
Matching inductance L 3.246 nH 3.241 nH 3.246 nH 3.239 nH
Matching circuit frequency wre/27 3.287 GHz 3.292 GHz 3.287 GHz 3.292 GHz
Matching circuit quality factor Qrc 1.347 2.558 1.347 2.558
Electromechanical coupling rate  ggar/27m 56.640 MHz 107.275 MHz 56.627 MHz 107.475 MHz
Electromechanical cooperativity Cem 2.025 7.304 2.024 7.301
Electromechanical loading Rewm 90.314 Q 325.686 2 90.229 Q 325.533 Q
Conversion efficiency (standard) n 42.197 % 28.688 % 42.158 % 28.655 %
Conversion efficiency (alt) Nalt 42197 % 42197 % 14.556 % 14.556 %
Conversion bandwidth Aw /27 10.533 MHz 24.257 MHz 10.522 MHz 24.243 MHz
Raman noise quanta No 6.598F — 5 1.829F -5 6.591F — 5 1.827E -5
Thermal noise quanta Nth 2.203F — 2 6.110F — 3 2.205F — 2 6.112F — 3

TABLE III. Example results for a single-ring FBAR transducer, T' = 50 mK, gon = 10 MHz (625 X 10% photons in optical

cavity), m = 50%. Qubit reset time is 1 us, time-bin separation tsep = At + ¢ and detector efficiency is 90%.

Name Symbol Type I Max Eff  Type I Min Noise  Type Il Max Eff  Type II Min Noise
Transduction time At 125.655 ns 117.304 ns 125.655 ns 117.304 ns
Photon emission rate To 2.222 MHz 2.222 MHz 2.222 MHz 2.222 MHz
Photon emission probability P 24.364% 22.947% 24.364% 22.947%
Thermal emission probability Py, 0.613% 0.159% 0.613% 0.159%
Photon generation rate n, or n.. 375.252 kHz 359.542 kHz 187.626 kHz 179.771 kHz
Entanglement rate Tent 168.863 kHz 161.794 kHz 37.994 kHz 36.403 kHz
Fidelity F 90.678% 86.516% 92.819% 97.898%

infidelity expression, we have

Py, =2[Pa,g(1 — P,1)Pin(1 — Pu)+

sion takes the form

2Pf(1 — Pin)?

F =

8P01Pth(1 — Pth) + 4P00Pt2h + 2P12(1 — Pth)2,

(69)

PA7L(1 — PB,E)Pth(l - Pth)"’
Pp p(1 — Pa,p)Pin(1 — P+
Pp.(1 — Pag)Piup(1 — Py)+
(1—Pag)(1— Pp,)Pj+
(1 — Pa,r)(1 — P p)Pant
= (8Po1 P (1 — Puy) + 4Py P2} (68)

where the first four terms come from signal/noise false
positive events, and the final four terms come from
noise/noise false positive events. So the fidelity expres-

where the 7? terms cancel out, rendering the Type-II
fidelity independent of link loss (see Figure [10]).

For the Type-II infidelity, do we also need to include
terms corresponding to thermal photon emission in addi-
tion to the emission of two signal photons, e.g. a three-
photon emission event, where one of the emitted pho-
tons is lost before reaching the photodetectors? Fortu-
nately, the answer is no. If we have a situation where
the two-click condition is satisfied by one signal photon
each in the Early and Late time bins, and we have suc-
cessfully generated the distributed superconducting qubit
Bell pair (Equation 7 the presence of an additional
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TABLE IV. Example results for a double-ring FBAR transducer, T = 50 mK, goa = 10 MHz (625 x 10° photons in optical
cavity), m = 50%. Qubit reset time is 1 us, time-bin separation tsep = At + ¢ and detector efficiency is 90%.

Name Symbol Type I Max Eff  Type I Min Noise  Type II Max Eff  Type II Min Noise
Transduction time AtoMRR 126.248 ns 117.893 ns 126.248 ns 117.893 ns
Photon emission rate To 2.222 MHz 2.222 MHz 2.222 MHz 2.222 MHz
Photon emission probability P 24.463% 23.048% 24.463% 23.048%
Thermal emission probability Pin 0.617% 0.160% 0.617% 0.160%
Photon generation rate n, or n,. 376.327 kHz 360.683 kHz 188.163 kHz 180.341 kHz
Entanglement rate Tent 169.347 kHz 162.307 kHz 38.103 kHz 36.519 kHz
Fidelity F 90.640% 86.452% 92.817% 97.899%
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FIG. 10. Type I and Type-II Entanglement fidelity and rate for maximum-efficiency and minimum-noise matching networks,
versus temperature, for (a)gon = 1 MHz and 7, = 0.5, (b)gom = 1 MHz and 7, = 0.1, (¢) gonm = 10 MHz and n; = 0.5 and
(d) gom = 10 MHz and 7, = 0.1. The entanglement fidelity degrades significantly for the Type-I protocol at higher pump
powers (higher goar), though using a noise-minimizing matching circuit mitigates this effect somewhat. At high temperatures,
the fidelity is the worst for the efficiency-maximizing devices, regardless of whether a Type-1 or Type-II protocol is used. At
low temperatures, the optimal configuration depends on goar. For a realistic link efficiency of n; = 0.1 (b,d), the Type-II
protocol with a noise-minimizing matching circuit results in the highest entanglement fidelity at < 50 mK. Plots (e,f) Show the
entanglement generation rate versus goam for (e) m; = 0.5 link loss and (f)r; = 0.1. As anticipated, Type-11 protocols achieve
lower entanglement rates than Type-I protocols.

thermal phonon within the transducer will not affect the
distributed Bell state. The emissive nature of the di-
rect transduction protocol protects us from this poten-
tial source of readout infidelity, assuming that the su-
perconducting qubit is protected by the spurious phonon
excitation via a tunable coupling element [66] placed be-
tween the transducer and the superconducting qubit that
protects the qubit from spurious microwave photon ab-
sorption. This protection is not necessarily present for a
blue-detuned protocol, as discussed in Appendix [E}

The single-photon generation rate for Type-II proto-
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cols is, assuming At and ¢, are the same for both nodes,
the same as for Type-I protocols (Equation. If we use
time-bin encoding, the overall entanglement generation
rate is lowered by the time-bin separation ¢, because
we need two photon emission events to create our desired
Bell state: one each in the Early and Late time bins. The
total time it takes to get the two desired emission events
is

1
+tsep - (At +tr) + —

r

Topnor = 1/(1) = - (70)

r

Where n/. is the modified photon emission rate. If we set
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tsep = O¢ + L, we get
n, = nr/2 (71)

and the expression for the entanglement generation rate
is

Tent = n/r771277§et (72)

where the link and detection efficiencies are squares to
account for the fact that we need two photon detection
events for the protocol to succeed.

C. Entanglement Generation Results

For an FBAR transducer with the parameters summa-
rized in Tables[[} [[T] results are plotted in Figures[6]—I0|
and summarized in Table[[TIl Note that all results shown
are for single-ring devices, with the understanding that
results will be similar for two-ring devices.

To ascertain a numerical estimate for the fidelity of
the entanglement heralding process for the FBAR trans-
ducer, we need to obtain values for P;, P, and the as-
sociated photon generation rates. For the device param-
eters listed in Table[[] and assuming it takes 1 us to reset
the superconducting qubits between each attempt, we get
the values shown in Table[[I]] for a single-ring device and
Table [[V] for a double-ring device.

For an FBAR transducer operating at 7' = 50 mK
and goar = 10 MHz, the Type-I protocol has a higher
entanglement generation rate: 169 kHz for an efficiency-
maximizing circuit and 162 kHz for a noise-minimizing
circuit, and a fidelity of ~ 90%. For a Type-II pro-
tocol, we get entanglement generation rates of about
37 kHz. For both protocols, the fidelity is sensitive to
which matching circuit is used, but to different effects.
For Type-1, a fidelity of ~ 90% is achieved for efficiency
maximization, and ~ 86% for noise minimization. The
decrease in fidelity for noise minimization can be at-
tributed to the decrease in signal photons relative to false
detection events at the high pump power corresponding
to gonr = 10 MHz. For Type-1I, a fidelity of ~ 93%
is achieved for efficiency maximization, and ~ 98% for
noise minimization. Note that the entanglement gener-
ation rate is lower for noise-minimizing circuits, despite
the fact that the transduction time is faster, due to the
slightly lower photon emission probability.

Zeuthen et al. [28] found that, for low added noise
ng, << 1 in their transducer, the two-photon protocol
is less sensitive to added noise than the one-photon pro-
tocol. For the time-bin qubit-based Type-II protocol ex-
plored here, the many contributions to infidelity from
the presence of thermal excitations make the protocol
more sensitive to added noise. As such, the effective im-
plementation of noise-minimizing matching circuits, with
low parasitic capacitance, is paramount to high fidelity
operation.

In Fig. [6] we plot the fidelity of a Type-I protocol ver-
sus the device temperature and optical cavity photon

10 7 —— Typel, 0% link loss
—-== Type |, 50% link loss
I U U Type I, 90% link loss |
0.8 b — Typell
2 0.6 -
g
ic 0.4+ -
0.2 -
0.0 i
0.00 0.25 0.50 0.75 1.00
Pth
FIG. 11. A comparison of the dependence of Type-I and

Type-1I readout fidelity on P;,. While the Type-II fidelity
does not depend on 7, it falls off more rapidly with increas-
ing Pip.

number. The photon numbers plotted correspond to a
range goym € [1 MHz, 10 MHz]. The top row of the
figure shows the fidelity for transducers with efficiency-
maximizing circuits, whereas the bottom row has noise-
minimizing circuits. Overall, using a noise-minimizing
matching circuit maximizes fidelity. The fidelity differ-
ence between the two options is more pronounced for
lower 7; values. The true value of the noise-minimizing
circuits becomes clear at higher temperatures. For exam-
ple, with n; = 50%, at 150 mK the entanglement fidelity
is > 90% with a noise-minimizing circuit, but is only
60 — 70% for an efficiency-maximizing circuit.

In Figure[10|we plot the fidelity of Type-I and Type-II
protocols vs. temperature for efficiency-maximizing and
noise-minimizing matching circuits. These are plotted
for different gops values and link efficiencies. For realistic
link losses of 90%, we see that Type-II protocols result
in higher readout fidelities at higher pump powers, but
the Type-II fidelity falls off more steeply with increasing
temperature, as these are more sensitive to thermal noise.
For a lower gops in panel (b), the Type-I protocol for a
device with a noise-minimizing matching circuit becomes
the highest-fidelity option for temperatures of 50 mK and
above.

To better understand the relative dependence of the
Type-I and Type-II protocols’ fidelity on thermal noise,
we write out simplified expressions for each protocol’s
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dependence on Pyp:

FTypeI ~
2(1 - Pth)Q
(1= Pin)?(3 —m) + Pon(1 — Pin)(3 —m) + P3,(1 —m)
2
—_—
Py—0 3 — m
—(1 = Py,)?
FTypeII ~ ( th)

P2 — 2Py —1 Pu—0
(73)

These expressions are plotted versus Py, in Figure
showing how the Type-II readout fidelity falls off steeply
with increasing Py,. This sensitive dependence on
noise further motivates the implementation of noise-
minimizing impedance matching networks for the FBAR
transducer.

Next, we compare the entanglement generation rate
between the two protocols. The results show that higher
entanglement generation rates are achievable with Type-
I protocols, which is to be expected. For Type-I, using a
noise-minimizing circuit decreases the entanglement gen-
eration rate by ~ 5% while achieving about the same
readout fidelity. As such, the use of efficiency-maximizing
circuits will be preferable, since they will achieve a higher
entanglement rate at about the same fidelity and will
be easier to fabricate. For the Type-II protocol, doing
the same decreases the entanglement generation rate by
~ 5%, while boosting fidelity from 92% to 97%; given the
relatively small decrease in entanglement rate, the boost
in fidelity justifies the prioritization of noise-minimizing
matching circuits, despite the inevitable difficulties in
their fabrication.

IV. DISCUSSION AND OUTLOOK

As summarized in Table [[II] for superconduct-
ing qubits networked using impedance-matched FBAR
transducers, in a realistic operation regime, we show that
entanglement can be achieved at rates of up to 380 kHz
and fidelities of 92 — 98%, at a temperature of 50 mK,
depending on the matching circuit and the protocol in
use. If the superconducting qubits have coherence times
of 100 us, or equivalently, decoherence rates of 10 kHz,
we can in principle achieve entanglement at a rate ex-
ceeding the decoherence rate of the qubits. With ever-
increasing qubit coherence times [67], it will only become
easier to reach this performance threshold. This work
only explored impedance matching circuits for one set of
physical parameters for the FBAR transducer. In prac-
tice, the transducer’s internal properties, such as its con-
stituent materials, their geometry, and the external opti-
cal coupling rate ke can be modified to further improve
performance tailored for a specific application.

Unlike OMC-based optomechanical transducers that
exhibit single-photon optomechanical coupling rates of

10 — 100 kHz or more, FBAR transducers will have val-
ues of < 1 kHz. While the lower coupling rate can be
viewed as a disadvantage, our results show that it can be
beneficial. The comparatively low optomechanical load-
ing RY ]Q for the FBAR transducers at a given optical
pump power requires larger matching capacitances and
lower matching inductances, as compared to OMC-based
transducers [27], which makes the design and fabrica-
tion of the matching networks more feasible. This allows
the transducer’s piezo-mechanical components to have a
higher static capacitance, enabling realistic fabrication
targets, and allows for more accurate matching circuit
designs factoring in non-idealities such as non-zero resis-
tance Ry, and parasitic capacitances and inductances.
Going forward, our model can be improved by treat-
ing the optomechanical coupling rate and temperature
of the device as dependent variables, instead of indepen-
dent variables. To do this, a mathematical relationship
between the optical pump power to the device and the
device’s temperature must be established. The relation-
ship will depend on the properties of the transducer’s
optical cavity, the facet loss and scattering at the optical
fiber-to-chip interface, the degree of thermal anchoring of
the device packaging to the cryostat, the cryostat’s cool-
ing power, and more. Defining the relationship between
gonm and device temperature for FBAR transducers is an
active area of experimental and theoretical exploration.
Results obtained from simulations [68] and measurements
in the near term will be used to clarify this relationship.
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Appendix A: Adding transducer static resistance
into Extended BVD model

As mentioned in the main text, the mBVD model cap-
tures the behavior of piezo-mechanical devices more ac-
curately than the standard BVD model. As such, here,
we re-derive relevant expressions for a transducer’s equiv-
alent circuit with a nonzero static resistance Ry within
the piezo-mechanical sub-circuit.

The electrical LC impedance becomes

1

Ze = —1 L Z:E _
(w) = —iwL + Z, +RL+_M(CO+CT)%

1 1\ ! 1
7! = —iwl e T [ —
o(w) = —iw +(Zmu%L*Ro) T ia(Co 1 Cr)
(A1)

This new impedance leads to a modified quality factor
of the LC transformer:

1 L
1/ (A2)
[(Ziw+ Rp)" + Ry~ V Or+Co

with an associated electromechanical loading factor

Qrc =

_ -1
oy = QFc [(Ziz + Rp) '+ R, 1} . (A3)

Matching circuit expressions, including the matching
capacitance

C, 4
Or = 2n I+ — (Zis+RL)R e
REPMW?CTQ" (th;:RLL‘i‘Rz)
(Ad)
angular frequency
1 1 1
=y — [ =— + —— A5
“m \/Lm <0m+0/T+co> (83)
and inductance
1 (Zitz + RL)Ro
L'= — [RE, | ). A6

Appendix B: R; # 0 from dielectric loss

In the main text, as in previous work, we assumed that
for a superconducting circuit, the matching circuit is loss-
less, leading to a resistance Ry, = 0 ) in the equivalent
circuit. For real devices, there will be nonzero loss.

Here we consider a matching network that is fabricated
on a substrate with a nonzero loss tangent tan(d).

The matching capacitor Cr will have a loss term as-
sociated with dielectric loss, referred to as an equivalent
series resistance Ror. For a dielectric layer with loss
tangent tan(d), a capacitor with ideal capacitance Cr at
angular frequency wrc has [69]

(B1)

Similarly, the matching inductor L has an equivalent
resistance

Ring = tan(d)wrc L. (B2)

The quality factor of the matching network for Ry, Ry #
0 is shown in Equation where we set Ry, = Rop +
Rind-

If the matching network is comprised of an Al thin
film deposited on thermal SiO; with a loss tangent of
approximately 3 x 10~4 [70], we have

Ry, = tan(9) < + wLCL)

=47.925 mQ. (B3)

wrcCr

Appendix C: Matching inductor parasitic
capacitance

The formalism developed the main text, like previ-
ous work, ignores stray capacitances associated with the

TABLE V. Difference in matching circuit (maximize effi-
ciency) and transducer (single ring) values for Ry, = 0 Q vs.
Rp #0Q.

Symbol R, =0Q Ry, = 47.925 m(2
Cm 0.860 fF 0.860 {F
L 2.729 uH 2.729 H
R 44.588 Q) 44.588 Q2
77 1 1
Z? 1.303E — 4 1.303E — 4
Rowm,+ 45.732 Q 45.732 Q
Rowm, — 5.959F — 3 Q 5.950F — 3 Q
Com 1.026 1.026
R, 90.314 Q 90.314 Q
Cr 522.346 {F 522.002 fF
L 3.246 nH 3.247 nH
wrc /2w 3.287 GHz 3.287 GHz
QLc 1.347 1.347
geM /2T 56.640 MHz 56.654 MHz
Cem 2.025 2.026
Rewm 90.314 Q 90.314 Q
n 42.197 % 42.197 %
Natt 42.197 % 42.197 %
Aw/2m 10.533 MHz 10.533 MHz
No 6.598FE — 5 6.598F — 5
Nth 2.203F — 2 2.203FE — 2
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FIG. 12. A modified equivalent circuit for a transducer with
parasitic terms incorporated into the matching network.

matching inductor L in the equivalent circuit model.
This is despite the large matching inductances and small
matching capacitances often required for OMC-based
transducers [27], which may require large spiral induc-
tors that have large stray, or parasitic, capacitances. The
stray inductance of the matching capacitor should also be
considered. In this section we examine the stray capac-
itances and inductances of the matching elements and
their effect on impedance-matched transducer design.

We start with the matching inductor. There will
be two parasitic capacitive terms: the inductor’s self-
capacitance, and its capacitance to ground. The first
arises from the inherent capacitance that exists within
the inductor, including capacitances between adjacent
wires within a meandering or spiral structure, and the
second arises from an unwanted capacitance between the
inductor metal and the nearby ground-plane metal layer.
For superconducting spiral inductors, previous studies
have found inductors fabricated on Silicon with induc-
tances of 3 — 7 nH to have self-capacitances of about
5 fF [71]. Additional capacitance to the ground plane
must also be considered, which may add an additional
5—10 fF or more [72},[73]. For a nanowire inductor made
of a high-kinetic inductance material such as niobium
nitride (NbN) [61], a 40 nm-wide nanowire has an induc-
tance of 2.05 mH/m and a capacitance of 44 pF/m. A
target inductance of 3.247 nH would require a length of
1.584 pm, corresponding to a capacitance of 70 aF and a
self-resonance at 2 THz.

These considerations motivate a modification of the
matching network design formalism to account for stray
capacitances. The inductor’s parasitic capacitance C}, =

Cs + Cy, where C; is its self capacitance and Cj is its
capacitance to ground. C), will be added in parallel to the
intentionally designed matching capacitor Cr, leading to
a modified equivalent matching capacitance C.:
Cr =Cr + C,. (C1)
Next we consider the stray inductance Lo of the
matching capacitor. This parasitic term will add in series
with the existing inductance L, for a modified equivalent
matching inductance L'
L'=L+ Ler. (C2)
A modified equivalent circuit incorporating the parasitic
terms into the matching network is shown in Fig. To
design a matching circuit that incorporates the parasitic
terms, we follow the process outlined in the main text,
using Equations The values we obtain from those
expressions are C,. and L. Next, we use simulations
or numerical estimates to obtain values for the parasitic
terms Cp, and Lcr. Finally, we modify the matching
network components L, Cr as follows:

L = L — Ler. (C3)
Clearly, the modified components will have slightly differ-
ent parasitic values than originally estimated. If desired,
this process can be iterated to obtain more and more

accuracy.

Appendix D: Bell-State Analysis for Time-Bin
Photons

In the main text, we implement a Type-II entangle-
ment heralding protocol based on time-bin encoding of
photon qubits. The use of the time-bin basis leads to a
question of how Bell state analysis will be performed.

For time-bin photons, we have two options. We could
use a balanced Bell state analyzer, within which the two
path lengths are equal, or an unbalanced Bell state ana-
lyzer, in which the path length difference between the two
arms is equal to the time bin separation. Let’s explore
the benefits and drawbacks of these two options.

Time bin qubits can be measured using a simple (bal-
anced) Bell state analyzer with a non-polarizing 50:50
beamsplitter and two SNSPDs. With sufficient tempo-
ral resolution, this setup can be used to project a two-
photon state onto [¥~) or [¥1). Here, the different Bell
state projections correspond to different temporal detec-
tion patterns[74]. Specifically, if one detector registers a
photon in the Early bin and the other detector registers
a photon in the Late bin, the photons are projected into
|U~). The |¥T) state is projected when the same detec-
tor registers both Early and Late photons. The photonic
Bell states, with early (E) and late (L) photons emerging
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from nodes A and B, take the form

_ 1
W phot—a,8) = \ﬁ(|1E0L>A [0g1L) 5 —[0p1L) 4 [1EO0L) 5)

W) = 75 (11E00)4 05125+ 10512) 4 11501),)
(D1)

If we assume that the single photon detectors employed
within the BSA can resolve the arrival time of photons
with a given time-bin separation, we can proceed to use
a balanced interferometer for Bell state measurements.
Of course, this requires the dead time of the detector to
be shorter than the time bin separation. For our chosen
time-bin separation of 500 ns, this requirement can be
satisfied, as commercial SNSPDs have dead times falling
in the 10 — 100 ns range. Assuming both |[¥~) and [¥)
can be resolved, the BSA has a maximum efficiency of
50%.

Alternatively, we may use an unbalanced BSA, or
a time-domain interferometer (TDI). One arm of the
TDI has a delay line that applies a time delay equal
to the time-bin separation, At, allowing for the erasure
of which-time-bin information. Coincidence events oc-
cur when Early photons propagate through the long arm
and Late photons propagate through the short arm. This
will occur 50% of the time for early-late input pairs.
The other 50% of the time, the Late photons will travel
through the long arm, and vice versa, doubling the time
delay between Early and Late. If we throw away non-
coincident detection events, we are only able to distin-
guish the |¥~) state.

Another drawback of this measurement method is the
need to actively stabilize the interferometer’s long delay
line. Fiber-based delay lines are susceptible to perturba-
tions due to environmental vibrations and temperature
fluctuations. The time delay must be stabilized using ac-
tive components such as fiber piezo-stretchers controlled
by feedback loops within periodic calibration measure-
ments. This benefit of this additional overhead carries
the advantage of eliminating strict requirements on the
reset time of the single photon detectors and simplifying
post-detection analysis.

Appendix E: Blue-Detuned Transducer Operation

For completeness, here we consider entanglement
heralding protocols that utilize spontaneous parametric
down conversion (SPDC) in a blue-detuned transducer
to generate entangled microwave-telecom photon pairs.
This scenario is briefly explored using a formalism simi-
lar to out own in references [12],[59] but not in [46]. Blue-
detuned operation with a Type-II protocol using time-bin
photons, but not with a Type-I protocol, is explored in
depth in reference [30].

For a Type-I protocol utilizing SPDC seeded by a blue-
detuned transducer pump, each of two identical nodes
produces entangled microwave-optical photon pairs. The

microwave photon is converted to a superconducting
qubit excitation via stimulated Raman absorption, while
the optical photon is emitted by the transducer toward
the BSA. The detection of an optical photon in the BSA
(a single-click event) heralds the production of a single
microwave photon. For a qubit initialized in its ground
state, detection of an optical photon corresponds to the
qubit being in its excited state. In a simplified pic-
ture, the qubit-cavity system begins in the state |1,,) |g),
where m denotes the microwave mode. Absorption of
the photon via a Jaynes-Cummings interaction evolves
the system to the state |0,,) |e).

A Type-I heralding protocol based on this process
pumps two copies of a system and, as detailed above,
erases which-path information on a beamsplitter to her-
ald a distributed microwave photon Bell pair. A success-
ful attempt produces the target photonic Bell state in
Equation [54] which projects the remote superconducting
qubits into the distributed Bell state

W) = \/Po1 lgaes) + v/ Pro leags) (E1)

As discussed in [12] [29], this protocol is susceptible
to additional source of readout infidelity. SPDC-based
protocols allow for multi-photon generation events [59],
where instead of a microwave optical pair |1,,) |1,), the
process generates |Ny,) |N,) pairs, where N > 1. In the
absence of number-resolving detectors, an N-photon gen-
eration event may satisfy the one-click condition of the
protocol, generating a false positive event. Furthermore,
the presence of multi-photon Fock states in the trans-
ducer’s microwave cavity may lead to multi-photon ab-
sorption events in the superconducting qubit, and other
deleterious behaviors, such as qubit dephasing and spu-
rious excitations due to residual population of the mi-
crowave cavity. Following [59], we list the infidelity con-
tributions from multi-photon excitation events below.

Probability that node A(B) emits a multi-photon state
and node B(A) emits zero photons, and the emitted pho-
ton reaches the BSA:

Prouitio = Po(1 — Py — Pr)my (E2)

There are two such contributions. There are also two con-
tributions from single photon emission from node A(B),
and multi-photon emission from node B(A), where one
photon packet is lost and the other reaches the BSA:

Pt = Pi(1— Py — P)mi(1 —my) (E3)

Finally, it may happen that both nodes undergo multi-
photon emission, and one of the emitted photon packets
is lost before reaching the BSA:

Pruitimutti = (1 — Po — Py)*mi(1 —my).
Putting it together, we get the infidelity expression:
Py = Pim(1 —m)+
2P (1 — P, — Py)mi+
2P (1= Po — Pr)m(1 —m)+
(1= Py — P)*m(1 —m).

(E4)

(E5)
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It’s important to note that multi-photon events impact
the entanglement fidelity of the transducer, in addition to
the readout fidelity of the heralding protocol. This caveat
is discussed further below. Going beyond this analysis to
include additional contributions to infidelity from ther-
mal noise present in the transducer is a nontrivial task,
and is explored in reference [30].

Putting aside multi-photon generation events, ther-
mal quanta lead to additional false positive detection
events, as well as additional problematic phenomena.
First, the presence of thermal populations in the trans-
ducer’s modes decreases the achievable entanglement fi-
delity within the device: thermal quanta reduce the de-
gree of squeezing in the transducer, thereby reducing the
purity of the entangled microwave-optical photon pair
[30). Second, since the superconducting qubit is oper-
ating in an absorptive manner, it will absorb microwave

photons emitted by the transducer, whether those pho-
tons were generated via SPDC or via thermal population
of the transducer’s acoustic mode. Therefore, regardless
of the optical photon click pattern observed, the super-
conducting qubits within each node may be in a state
other than what was supposedly heralded.

To make matters worse, when we are operating the su-
perconducting qubit as an absorber, we must properly
shape the microwave photon emitted by the transducer
to facilitate absorption [75], adding additional complex-
ity to the protocol. Efficiently capturing or detecting an
arbitrarily shaped microwave photon with a supercon-
ducting qubit remains an outstanding challenge. Given
these considerations, in addition to the order of magni-
tude lower readout fidelity obtained in previous studies
[12, 9], we focus on the direct transduction protocol in
this work.
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